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C-a37e5 1  
SOLUTIONS OF THE TWO-STATE P OBLEM IN TE MS OF THE GENE AL HEUN FUNCTIONS  
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APPLICATIONS TO NON- ELATIVISTIC AND  ELATIVISTIC WAVE EQUATIONS
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Summary and Conclusion 
 T1. t1.s2s 2s -.v8t.- t8 t1.8;.t2,a5 a99;8a,1.s /8; ;.s87a7t 89t2,a5 ,87t;85 8/ :ua7tu6 
sBst.6s 1av270 -2s,;.t. .7.;0B s9.,t;u6. W. ,87s2-.; t1. 6a729u5at287 8/ s2695.st :ua7tu6 tw8-
stat. sBst.6s bB .At.;7a5 89t2,a5 5as.; /2.5-s w1.7 t1. /2.5- 2s ;.s87a7t 8; :uas2-;.s87a7t /8; s86. 
tw8 8/ t1. 5.v.5s 8/ t1. sBst.6 (:ua7tu6 t26.--.9.7-.7t tw8-stat. 9;8b5.6). W. -.v.589 a 
sBst.6at2, a7a5Bt2,a5 t1.8;B /8; t1. :ua7tu6 tw8-stat. -B7a62,s bas.- 87 t1. 6at1.6at2,a5 t885s 
9;8v2-.- bB t1. 68st a-va7,.- at 9;.s.7t t26. s9.,2a5 /u7,t287s - t1. /2v. /u7,t287s 8/ t1. H.u7 
,5ass. T1. 6a27 /8,us 8/ 8u; stu-B 2s 87 t1. a7a5Bt2, -.s,;29t287 8/ 91Bs2,a55B 27t.;.st270 787-
a-2abat2, .v85ut287 8/ :ua7tu6 tw8-stat. sBst.6s sub3.,t t8 .A,2tat287 bB 5.v.5-,;8ss270 /2.5--
,87/20u;at287s. 
 A7a5Bt2, s85ut287s 8/ 91Bs2,a5 9;8b5.6s 1av. a5waBs b..7 8/ ,87s2-.;ab5. 27t.;.st, 
9;8v2-270 t1. 8998;tu72tB 8/ ,869;.1.7s2v. a7a5Bs2s 8/ t1. sBst.6s u7-.; ,87s2-.;at287. H8w.v.;, 
/8; t1. 68st 8/ ,87t.698;a;B 91Bs2,a5 9;8b5.6s t1. a7a5Bt2, s85ut287s a;. ;a;. b.,aus. 8/ t1. 5a,4 
8/ a99;89;2at. 6at1.6at2,a5 t885s. As ;.0a;-s t1. :ua7tu6 tw8-stat. 9;8b5.6 (87. 8/ t1. s2695.st 
:ua7tu6 9;8b5.6s; .v.7 /8; 2t t1. 0.7.;a5 a7a5Bt2, s85ut287 2s 78t 478w7), a7 8bs.;vat287 2s t1at t1. 
bas2, s.t 8/ a7a5Bt2, 68-.5s (La7-au-'.7.;, D.648v-Ku724., .t,.) 1as b..7 -.v.589.- 27 t1. 9ast 
bB s85v270 t1. t26.--.9.7-.7t S,1;D-270.; .:uat287s 27 t.;6s 8/ s9.,2a5 /u7,t287s 8/ t1. 
1B9.;0.86.t;2, ,5ass. H8w.v.;, 2t 1as ;.,.7t5B b..7 s18w7 t1at t1.;. a;. 78 68;. tw8-stat. 68-.5s 
787-,87-2t287a55B 27t.0;ab5. 27 t.;6s 8/ t1. 1B9.;0.86.t;2, /u7,t287s a7- t1us t1. s.t 8/ 98ss2b5. 
1B9.;0.86.t;2, tw8-stat. 68-.5s 2s ,u;;.7t5B .A1aust.-. Fu;t1.;68;., a 9.,u52a;2tB 8/ 
1B9.;0.86.t;2, 68-.5s 2s t1at t1.B 9;8v2-. ut68st 87. ;.s87a7,. ,;8ss270 -u;270 t1. 27t.;a,t287 
9;8,.ss. As 478w7, t12s 2s 78t .78u01 /8; .//2,2.7t :ua7tu6 ,87t;85: t1. t1.8;B 8/ 787-a-2abat2, 
t;a7s2t287s 27-2,at.s t1at at 5.ast tw8 ,;8ss270s a;. ;.:u2;.- t8 9;8v2-. .//2,2.7t ,87t;85 8/ :ua7tu6 
sBst.6s. H.7,., 68;. a-va7,.- 6at1.6at2,a5 t885s a;. 7..-.- a7- 1.;. 2s w1.;. t1. H.u7 
/u7,t287s a;2s.: 27 t12s t1.s2s w. s18w t1at 6u,1 68;. 68-.5s a;. ,87st;u,t.- w1.7 .A9;.ss270 t1. 
s85ut287 8/ t1. tw8-stat. 9;8b5.6 27 t.;6s 8/ t1. H.u7 /u7,t287s. S27,. t1. H.u7 /u7,t287s 
;.9;.s.7t -2;.,t 0.7.;a52Cat287s 8/ t1. 1B9.;0.86.t;2, /u7,t287s, t1. s85ut287s 27 t.;6s 8/ t1. H.u7 
/u7,t287s 0.7.;a52C. a55 1B9.;0.86.t;2, ,as.s. 
 W. ,5ass2/B t1. ,8695.t. s.t 8/ t1. s.62,5ass2,a5 t26.--.9.7-.7t :ua7tu6 tw8-stat. 68-.5s 
s85vab5. 27 t.;6s 8/ t1. /2v. a-va7,.- s9.,2a5 6at1.6at2,a5 /u7,t287s 8/ t1. H.u7 ,5ass. A 6a38; 
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;.su5t w. ;.98;t 2s t1at t1.;. .A2st 27 t8ta5 61 27/272t. ,5ass.s 8/ tw8-stat. 68-.5s s85vab5. 27 t.;6s 8/ 
t1. H.u7 /u7,t287s. 8;. 9;.,2s.5B, w. 1av. s18w7 t1at t1.;. .A2st t12;tB-/2v. ,5ass.s /8; w12,1 t1. 
9;8b5.6 ,a7 b. s85v.- 27 t.;6s 8/ t1. 0.7.;a5 H.u7 /u7,t287s (75), /2/t..7 ,5ass.s a;. s85vab5. 27 
t.;6s 8/ t1. s2705.-,87/5u.7t H.u7 /u7,t287s (t1.s. ,5ass.s 1av. b..7 ;.,.7t5B 2-.7t2/2.- bB A. 
Is141a7Ba7 a7- A. G;208;Ba7 (76)), a7- w. 1av. s18w7 t1at t1.;. .A2st /2v. ,5ass.s s85vab5. 27 
t.;6s 8/ t1. -8ub5.-,87/5u.7t H.u7 /u7,t287s (77), /2v. 8t1.; ,5ass.s 27 t.;6s 8/ t1. b2-,87/5u.7t 
H.u7 /u7,t287s (77), a7- a ,5ass s85vab5. 27 t.;6s 8/ t1. t;2-,87/5u.7t H.u7 /u7,t287s (77). 
 A78t1.; s.t 8/ 8u; ;.su5ts ,87s2sts 8/ t1. .A9a7s287s 8/ t1. s85ut287s 8/ t1. 0.7.;a5, s2705.-
,87/5u.7t, a7- b2-,87/5u.7t H.u7 .:uat287s 27 t.;6s 8/ t1. 27,8695.t. B.ta (78), Ku66.; 
,87/5u.7t 1B9.;0.86.t;2, (79), a7- 787-27t.0.; 8;-.; H.;62t. (80) /u7,t287s. T1. ,87-2t287s /8; 
t.;627at287 8/ t1.s. s.;2.s, 27 8;-.; t8 9;8-u,. /272t.-su6 ,58s.--/8;6 s85ut287s, a;. -2s,uss.- 27 
-.ta25. A ;.6a;4 1.;. 2s t1at t1. 0.7.;a5 27t.;.st 27 H.u7 .:uat287s a7- /u7,t287s a;2s. b8t1 /;86 
/u7-a6.7ta5 a7- ,869utat287a5 /2.5-s: 27 9a;a55.5 t8 t1. /u7-a6.7ta5 ;.s.a;,1 87 t1. 9;89.;t2.s 8/ 
s85ut287s 8/ t1.s. .:uat287s va;28us ,869utat287a5 a508;2t16s /8; 7u6.;2,a5 ,a5,u5at287s 8/ t1. 
H.u7 /u7,t287s a;. b.270 -.v.589.-. Cu;;.7t5B, t1. aut18; 8/ t12s t1.s2s 2s w8;4270 87 t1. 9;83.,t 8/ 
2695.6.7tat287 8/ t1. H.u7 /u7,t287s 27t8 t1. 68-.;7 ,869ut.; a50.b;a sBst.6 at1.6at2,a.  
 A t12;- s.t 8/ 8u; ;.su5ts ,a6. 8ut -u. t8 t1. a9952,at287 8/ t1. -.v.589.- s.;2.s .A9a7s287s 
t8 2-.7t2/B t1. 9a;t2,u5a; tw8-stat. sub-68-.5s t1at -.s,;2b. 27t.;.st270 91Bs2,a5 91.786.7a (su,1 
as t1. 9.;28-2,a55B ;.9.at.- 8; asB66.t;2,-27-t26. 5.v.5-,;8ss270 9;8,.ss.s, .t,.) a7- 1av. .Aa,t 
,58s.--/8;6 s85ut287 27 t.;6s 8/ s2695.; 6at1.6at2,a5 /u7,t287s (81-83). 
 T1. 6at1.6at2,a5 a99;8a,1.s t1at a;. -.v.589.- 27 t1. /;a6.w8;4 8/ t1. 9;.s.7t t1.s2s a;. 
;at1.; u72v.;sa5 a7- ,a7 b. a9952.- t8 .A958;. a v2-. s.t 8/ -2//.;.7t 91Bs2,a5 9;8b5.6s. T12s 5.a-s 
t8 t1. /8u;t1 s.t 8/ 8u; ;.su5ts. BB a995B270 t1. -.v.589.- a99;8a,1.s t8 787-;.5at2v2st2, a7- 
;.5at2v2st2, wav. .:uat287s, w. 1av. -.;2v.- s.v.;a5 7.w .7.;0B-27-.9.7-.7t :ua7tu6-6.,1a72,a5 
98t.7t2a5s /8; t1. S,1;D-270.; .:uat287 t1at a;. s85v.- 27 t.;6s 8/ t1. /u7,t287s 8/ t1. 
1B9.;0.86.t;2, ,5ass (80, 84), a7- 1av. ;.v.a5.- t1. 727. 98t.7t2a5s /8; w12,1 t1. stat287a;B K5.27-
G8;-87 .:uat287 ,a7 b. s85v.- 27 t.;6s 8/ t1. ,87/5u.7t H.u7 /u7,t287s (85). T1.s. ;.su5ts 
-.687st;at. t1. w2-. a9952,ab252tB 8/ t1. 6at1.6at2,a5 t885s t1at w. 1av. -.v.589.- w1.7 s85v270 
t1. :ua7tu6 tw8-stat. 9;8b5.6. 
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 H.;. a;. t1. 6a27 ;.su5ts 8/ t1. t1.s2s 27 -.ta25: 
1. W. 1av. s18w7 t1at t1.;. .A2st t12;tB-/2v. 27/272t. ,5ass.s 8/ 68-.5s /8; w12,1 t1. s.62,5ass2,a5 
t26.--.9.7-.7t tw8-stat. 9;8b5.6 ,a7 b. s85v.- 27 t.;6s 8/ t1. 0.7.;a5 H.u7 /u7,t287s. 
2. W. 1av. 9;.s.7t.- a s9.,2/2, ,87sta7t-a6952tu-. 9.;28-2, 5.v.5-,;8ss270 68-.5 b.5870270 t8 a 
0.7.;a5 H.u7 ,5ass 8/ /2.5- ,87/20u;at287s.  
3. W. 1av. ,87st;u,t.- s.v.;a5 s.;2.s .A9a7s287s 8/ t1. 0.7.;a5 H.u7 /u7,t287 27 t.;6s 8/ t1. 
27,8695.t. B.ta /u7,t287s a7- 8/ t1. s2705.-,87/5u.7t H.u7 /u7,t287 27 t.;6s 8/ t1. Ku66.; 
,87/5u.7t 1B9.;0.86.t;2, /u7,t287s.  
4. W. 1av. 27t;8-u,.- a7 .Aa,t5B s85vab5. ,87sta7t-a6952tu-. La6b.;t-W 5.v.5-,;8ss270 
,87/5u.7t 1B9.;0.86.t;2, tw8-stat. 68-.5.  
5. W. 1av. -.;2v.- 27 t8ta5 .5.v.7 27/272t. ,5ass.s 8/ t1. tw8-stat. 9;8b5.6 s85vab5. 27 t.;6s 8/ t1. 
6u5t2-,87/5u.7t H.u7 /u7,t287s.  
6. W. 1av. ,87st;u,t.- a7 .A9a7s287 8/ t1. s85ut287s 8/ t1. b2-,87/5u.7t H.u7 .:uat287 27 t.;6s 
8/ t1. 787-27t.0.;-8;-.; H.;62t. /u7,t287s 8/ a s12/t.- a7- s,a5.- a;0u6.7t.  
7. W. 1av. 27t;8-u,.- t1. t12;- /2v.-9a;a6.t;2, 8;-27a;B 1B9.;0.86.t;2, .7.;0B-27-.9.7-.7t 
:ua7tu6-6.,1a72,a5 98t.7t2a5 /8; t1. S,1;D-270.; .:uat287, a/t.; t1. E,4a;t a7- PDs,15-T.55.; 
98t.7t2a5s.  
8. W. 1av. 9;.s.7t.- t1. 0.7.;a5 s85ut287 8/ t1. 87.--26.7s287a5 S,1;D-270.; .:uat287 /8; t1. 
/2v. 27-.9.7-.7t s2A-9a;a6.t;2, b2-,87/5u.7t H.u7 98t.7t2a5s.  
9. W. 1av. 9;.s.7t.- 27 t8ta5 727. 27-.9.7-.7t 98t.7t2a5s /8; w12,1 t1. stat287a;B K5.27-G8;-87 
.:uat287 2s s85vab5. 27 t.;6s 8/ t1. ,87/5u.7t H.u7 /u7,t287s. 
 T1. t1.s2s t1us su00.sts a s.t 8/ t885s t1at ,a7 b. v2.w.- as a7 a-va7,.- t1.8;.t2,a5 0;8u7- 
/8; /u;t1.; ;.s.a;,1 87 :ua7tu6 sBst.6s -B7a62,s' 9;.-2,t287, a7a5Bs2s a7-, 1.7,., .//.,t2v. ,87t;85 
27 ;.a5-w8;5- .A9.;26.7ts.  
  a7B :u.st287s a;. 89.7 a7- 1av. 78t b..7 ,87s2-.;.- 27 t1. /;a6.w8;4 8/ t1. t1.s2s. F2;st 
8/ a55, t12s ,87,.;7s t1. 9a;t2,u5a; a9952,at287s 8/ t1. -.;2v.- tw8-stat. 68-.5s 8/ 5as.;-/2.5- 
,87/20u;at287s t8 ,87,;.t. 91Bs2,a5 s2tuat287s. N.At, 27 t1. /;a6.w8;4 8/ t1. t1.s2s, w. 1av. 
bas2,a55B ,87s2-.;.- 875B t1. s2695.st lossless :ua7tu6 tw8-stat. 68-.5, w125. 2t 2s w.55 u7-.;st88- 
t1at t1. 2;;.v.;s2b5. 58ss.s 8/ -2//.;.7t 7atu;. a;. a5waBs ava25ab5. 27 a7B 91Bs2,a5 sBst.6. T18u01 
t12s :u.st287 2s 78t .A952,2t5B -2s,uss.- 27 t1. t1.s2s, 2t s18u5- b. 78t.- t1. /8558w270. A55 61 ,5ass.s 
8/ tw8-stat. H.u7 68-.5s -.;2v.- 27 t1. t1.s2s 0.7.;a55B a558w ,8695.A 9a;a6.t.;s. T12s 27-2,at.s 
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t1at t1. 68-.5s 6aB 27 /a,t -.s,;2b. t1. -2ss29at287. W. 1av. .A952,2t5B -.687st;at.- t12s 27 
Chapters 1 a7- 2 bB 9;.s.7t270 a /.w 9a;t2,u5a; tw8-stat. H.u7 68-.5s t1at -8 -.s,;2b. 5.v.5-
,;8ss270 9;8,.ss.s w2t1 -2ss29at287. T1us, w. 1av. s18w7 t1at 2t 2s 98ss2b5. t8 ,87st;u,t 91Bs2,a55B 
;.a52st2, a7- 27t.;.st270 68-.5s w2t127 t1.s. 61 tw8-stat. H.u7 ,5ass.s. T1. 2-.a52C.- 58ss5.ss tw8-
stat. ;.9;.s.7tat287s a;. 78t 269.;at2v. /8; t1. 9;.s.7t.- 68-.5s. I698;ta7t5B, t1. -2ss29at2v. tw8-
stat. 68-.5s 9;.s.7t s18;t,uts t8 t1. S,1;D-270.; 98t.7t2a5s. T12s 2s a7 ass.;t287 -87. 27 t1. s.7s. 
t1at t1.;. 2s 87.-t8-87. 6a99270 b.tw..7 t1. -2ss29at2v. tw8-stat. 68-.5s a7- t1. ;.a5 98t.7t2a5s /8; 
t1. S,1;D-270.; .:uat287 (..0., t1. w.55 478w7 La7-au-'.7.; 68-.5 2s -2;.,t5B t;a7s/8;6.-, 2/ 
,8695.A 9a;a6.t.;s a;. assu6.-, t8 t1. 1a;6872, 8s,255at8; 98t.7t2a5). It 2s a5s8 w8;t1 6.7t287270 
t1at t1. -2ss29at2v. tw8-stat. 68-.5s 6aB 89.7 7.w 18;2C87s 27 t1. stu-B 8/ 787-H.;62t2a7 
Ha625t872a7 sBst.6s. W. 27t.7- t8 stu-B t1.s. 2698;ta7t t892,s 27 8u; /utu;. ;.s.a;,1. 
 O7. 68;. 27t.;.st270 9827t 2s t1. :u.st287 8/ t1. 272t2a5 ,87-2t287s T18u01 a55 t1. ;.su5ts 
9;.s.7t.- 27 t1. t1.s2s a;. a7a5Bt2,, a7- 1.7,., 27 9;27,295. 87. 2s ab5. t8 a7a5BC./9;.-2,t t1. 
b.1av28; 8/ t1. sBst.6 u7-.; a7B 5as.;-/2.5- ,87/20u;at287 /;86 t1. 52st.- 61 tw8-stat. H.u7 
68-.5s, 2t 2s s86.t26.s -2//2,u5t t8 ,87st;u,t t1. .A952,2t s85ut287 w12,1 sat2s/2.s t1. 9;.s,;2b.- 
272t2a5 ,87-2t287s. T12s 2s b.,aus. t1. t1.8;B 8/ t1. H.u7 /u7,t287s 2s st255 27su//2,2.7t5B -.v.589.-. 
As ;.0a;-s t1. 9a;t2,u5a; ,as.s 8/ .Aa,t ,58s.--/8;6 s85ut287s w;2tt.7 27 t.;6s 8/ 527.a; 
,86b27at287s 8/ t1. 1B9.;0.86.t;2, /u7,t287s, t1. 272t2a5 ,87-2t287s /8; w12,1 t1.s. s85ut287s a;. 
a9952,ab5. 2s 78t -2s,uss.- 27 t1. t1.s2s. T12s 2s 87. 68;. 9827t t1at w. su998s. t8 -2s,uss 27 t1. 
/utu;.. 
 Su66a;2C270, us270 t1. t885s -.v.589.- 27 t1. ,u;;.7t t1.s2s w. 27t.7- t8 6a4. t1. 7.At st.9 
27 t1. ;.s.a;,1 87 :ua7tu6 ,87t;85 8/ /.w-stat. sBst.6s /8,us270 87 t1. u7-.;5B270 91Bs2,s. It 2s 
u7-.;st88- t1at t1. H.u7 /u7,t287s a7- ;.5at.- 6at1.6at2,a5 -.v.5896.7ts a;. 6.;.5B 
27t.;6.-2a;2.s. 
137
 138 
References 
1. L.D. L3n63G, P:KE. /. (AIj7FGn;An 2, 46 (1932). 
2. C. /7n7D, PDA5. '. (A5. LAn6An, (7D. A 137, 696 (1932). 
3. Е. "3jAD3n3, NGAHA C;m7nFA 9, 43 (1932). 
4. E.C.G. (FR5k7l47D9, H7lH. P:KE. A5F3. 5, 369 (1932). 
5. ".(. C:;l6, Molec-lar Collision Theory (A5367m;5 PD7EE, LAn6An, 1974). 
6. E.E.N;k;F;n 3n6 (..3.Um3nEk;, Theory of Slow A,omic Collisions ((BD;n97D-V7Dl39, B7Dl;n, 
1984). 
7. H. N3k3mGD3, Nonadiaba,ic Transi,ion: Concep,s, Basic Theories and Applica,ions (,ADl6 
(5;7nF;8;5, (;n93BAD7, 2012). 
8. B.,. (:AD7, The Theory of Coheren, A,omic Exci,a,ion (,;l7K, N7I .ADk, 1990). 
9. B.,. (:AD7, Manip-la,in  Q-an,-m S,r-c,-res Usin  Laser P-lses (C3m4D;697 Un;H7DE;FK 
PD7EE, N7I .ADk, 2011). 
10. H.J. "7F53l8 3n6 P. H3n 67D (FD3F7n, Laser Coolin  and Trappin  ((BD;n97D-V7Dl39, N7I .ADk, 
1999). 
11. A.P.  3L3nFE7H, G.I. (GD6GFAH;5:, 3n6 V.P. .3kAHl7H, Mechanical Ac,ion of Li h, on A,oms 
(,ADl6 (5;7nF;8;5, (;n93BAD7, 1990). 
12. P;7DD7 "7KEFD7, A,om Op,ics ((BD;n97D V7Dl39, N7I .ADk, 2001). 
13. H. N3k3mGD3, InF. '7H. P:KE. C:7m. 10, 123 (1991). 
14. H. N3k3mGD3, Ann. '7H. P:KE. C:7m. 48, 299 (1997). 
15. C. /:G, .. )7D3n;E:; 3n6 H.N3k3mGD3, A6H. C:7m. P:KE. 117, 127 (2001). 
16. Elec,ron Transfer in Inor anic, Or anic, and Biolo ical Sys,ems, A6H3n57E ;n C:7m;EFDK 
(7D;7E 228, 76E. J. BAlFAn, N. "3F393 3n6 G."5l7n6An (Am7D;53n C:7m;53l (A5;7FK, 
,3E:;n9FAn, D.C., 1991). 
17. D. D7V3GlF, Q-an,-m Mechanical T-nnellin  in Biolo ical Sys,ems (C3m4D;697 Un;H7DE;FK 
PD7EE, C3m4D;697, 1984). 
18. D.E. (:3I 7F 3l., (5;7n57 330, 341 (2010). 
19. ,.H. /GD7k, U. DADn7D, 3n6 P. /All7D, P:KE. '7H. L7FF. 95, 105701 (2005). 
20. B. D3mEk;, P:KE. '7H. L7FF. 95, 035701 (2005). 
21. '. B3D3nkAH 3n6 A. PAlkAHn;kAH, P:KE. '7H. L7FF. 101, 076801 (2008). 
22. J. DL;3Dm393, A6H. P:KE. 59, 1063 (2010). 
23. F. G3;F3n, P:KE. '7H. A 68, 052314 (2003). 
24. D.". B7DnE, ,.D. Ol;H7D, (.O. V3l7nLG7l3, A.V. (:KFAH,  . . B7D99D7n, L.(. L7H;FAH, 3n6 
).P. ODl3n6A, P:KE. '7H. L7FF. 97, 150502 (2006). 
25.  . (m;F:-"3nnE5:AFF, ". C:G5:7m, ". H;ll7D, ).  AFFAE, 3n6 D. CA:7n, P:KE. '7H. L7FF. 102, 
230401 (2009). 
26. A.". IE:k:3nK3n, EGD. P:KE. L7FF. 90, 30007 (2010). 
27. ". JAn3-L3E;n;A, O. "ADE5:, ". CD;EF;3n;, N. "3lAEE;, J.H. "Gll7D, E. CAGDF367, ". An67Dl;n;, 
3n6 E. AD;mAn6A, P:KE. '7H. L7FF. 91, 230406 (2003). 
28. ".-O. "7I7E, ".'. An6D7IE, D.".  GDn, D.(. DGD877, C.G. )AInE7n6, 3n6 ,.  7FF7Dl7, 
P:KE. '7H. L7FF. 78, 582 (1997). 
29. N.V. V;F3nAH 3n6  .-A. (GAm;n7n, P:KE. '7H. A 56, '4377 (1997). 
30. A. IE:k:3nK3n, P:KE. '7H. A 81, 055601 (2010). 
31. I. );k:An7nkAH, E. P3LK, ..B. B3n6, ". Fl7;E5::3G7D, 3n6 A. V3D6;, P:KE. '7H. A 73, 043605 
(2006). 
32. A.". IE:k:3nK3n, B. JAGl3k;3n 3n6  .-A. (GAm;n7n, EGD. P:KE. J. D 48, 397 (2008). 
33. D. (Gn, A. A43nAH 3n6 V.L. PAkDAHEkK, EGD. P:KE. L7FF. 83, 16003 (2008). 
34. A. IE:k:3nK3n, B. JAGl3k;3n, 3n6  .-A. (GAm;n7n, J. P:KE. B 42, 221002 (2009). 
35. F.'. BD33km3n, P. B3DF:7l7mK, C. '7;5:l, ,. ,79E5:7;67D 3n6 L.". . V3n67DEKB7n, N3FGD7 
N3nAF75:nAlA9K 8, 432 (2013). 
36. ,. ,7DnE6AD87D 3n6 '. (7EEAl;, (5;7n57 284, 133 (1999). 
 139 
37. A.F. )7DL;E, E. P3EB3l3k;E, J. ABBl. P:KE. 97, 023523 (2005). 
38. P. FQl6;, ".G. B7n76;5F, F.". P77F7DE, P:KE. '7H. A 77, 013406 (2008). 
39. (.J. P3Dk7, P:KE. '7H. L7FF. 57, 1275 (1986). 
40. ,.C. H3JFAn, P:KE. '7H. D 35, 2352 (1987). 
41. ". Bl7nnAI 3n6 A..G. (m;DnAH, A6H. H;9: En7D9K P:KE. 2013, 972485 (2013). 
42. E. E. N;k;F;n, D;E5GEE. F3D363K (A5. 33, 14 (1962). 
43. E.E. N;k;F;n, AnnG. '7H. P:KE. C:7m. 50, 1 (1999). 
44. D.(.F. CDAF:7DE 3n6 J.G. HG9:7E, J. P:KE. B 10, L557 (1977). 
45. N. 'AE7n 3n6 C. /7n7D. P:KE. '7H. 40, 502 (1932). 
46. .G.N. D7mkAH 3n6 ".  Gn;k7, V7EFn. L7n;n9D. Un;H. F;E.  :;m. 16, 39 (1969). 
47.  .-A. (GAm;n7n 3n6 B.". G3DD3I3K, P:KE. '7H. A 45, 374 (1992). 
48. A. B3m4;n; 3n6 P.'. B7Dm3n, P:KE. '7H. A 23, 2496 (1981). 
49. F.). H;A7 3n6 C.E. C3DDAll, P:KE. '7H. A 32, 1541 (1985). 
50. F.). H;A7 3n6 C.E. C3DDAll, J. OBF. (A5. Am. B 3(2), 497 (1985). 
51. C.E. C3DDAll 3n6 F.). H;A7, J. P:KE. A 19, 3579 (1986). 
52. A.". IE:k:3nK3n, J. P:KE. A. 30, 1203 (1997). 
53. A.". IE:k:3nK3n, OBF;5E CAmmGn;53F;AnE 176, 155 (2000). 
54. A.". IE:k:3nK3n, J. CAnF7mB. P:KE;5E (ADm7n;3n A5. (5;.) 31, 10 (1996). 
55. A.". IE:k:3nK3n, J. P:KE. A 33, 5539 (2000). 
56. A.". IE:k:3nK3n, J. CAnF7mB. P:KE;5E (ADm7n;3n A5. (5;.) 36, 1 (2001). 
57. C.E. C3DDAll 3n6 F.). H;A7, J. OBF. (A5. Am. B 5, 1335 (1988). 
58. C.E. C3DDAll 3n6 F.). H;A7, J. P:KE. B 22, 2633 (1989). 
59. C.E. C3DDAll 3n6 F.). H;A7, P:KE. '7H. A 36, 724 (1987). 
60. C.E. C3DDAll 3n6 F.). H;A7, P:KE. '7H. A 42, 1522 (1990). 
61. A.". IE:k:3nK3n, J. P:KE. A 33, 5041 (2000). 
62. A.". IE:k:3nK3n 3n6  .-A. (GAm;n7n, P:KE. '7H. A 65, 051403(') (2002). 
63. ).A. L3;n7 3n6 (. (F7n:Alm, P:KE. '7H. A 53, 2501 (1996). 
64. N.V. V;F3nAH 3n6 (. (F7n:Alm, P:KE. '7H. A 55, 648 (1997). 
65. A.". IE:k:3nK3n, '7BADFE (ADm7n;3n A5. (5;.) 102(4), 320 (2002). 
66. A.". IE:k:3nK3n 3n6 A.". "3nGkK3n, J. CAnF7mB. P:KE. (ADm. A5. (5;.), 37, 1 (2002). 
67. A. ED6NlK;, ,. "39nGE, F. O47D:7FF;n97D, 3n6 F.G. )D;5Am;, Hi her Transcenden,al F-nc,ions, 
HAl. 3 ("5GD3I-H;ll, N7I .ADk, 1955). 
68. L.J. (l3F7D, Generalized hyper eome,ric f-nc,ions (C3m4D;697 Un;H7DE;FK PD7EE, C3m4D;697, 
1966). 
69.  . H7Gn, "3F:. Ann. 33, 161 (1889). 
70. A. 'AnH73GJ, He-n’s Differen,ial Eq-a,ions (OJ8AD6 Un;H7DE;FK PD7EE, LAn6An, 1995). 
71. (..G. (l3HK3nAH 3n6 ,. L3K, Special f-nc,ions (OJ8AD6 Un;H7DE;FK PD7EE, OJ8AD6, 2000). 
72. F.,.J. OlH7D, D.,. LAL;7D, '.F. BA;EH7DF, 3n6 C.,. Cl3Dk (76E.), NIST Handbook of 
Ma,hema,ical F-nc,ions (C3m4D;697 Un;H7DE;FK PD7EE, N7I .ADk, 2010). 
73. ". HADF3MEG, A6H3n57E ;n H;9: En7D9K P:KE;5E 2018, 8621573 (2018). 
74. He-n f-nc,ions, :FFB://F:7:7GnBDAj75F.AD9/4;4l;A9D3B:K.:Fml 
75. A.". IE:k:3nK3n, ).A. (:3:H7D6K3n, ).A. IE:k:3nK3n, "):;DFK 8;H7 5l3EE7E A8 EAlGF;AnE A8 F:7 
CG3nFGm F;m7-67B7n67nF FIA-EF3F7 BDA4l7m ;n F7DmE A8 F:7 97n7D3l H7Gn 8Gn5F;AnE", EGD. P:KE. 
J. D 69, 10 (2015). 
76. A.". IE:k:3nK3n 3n6 A.E. GD;9ADK3n, "F;8F77n 5l3EE7E A8 EAlGF;AnE A8 F:7 CG3nFGm FIA-EF3F7 
BDA4l7m ;n F7DmE A8 F:7 5An8lG7nF H7Gn 8Gn5F;An", J. P:KE. A 47, 465205 (2014). 
77. ).A. (:3:H7D6K3n, ).A. IE:k:3nK3n, A.E. GD;9ADK3n, A.". IE:k:3nK3n, "An3lKF;5 EAlGF;AnE A8 
F:7 CG3nFGm FIA-EF3F7 BDA4l7m ;n F7DmE A8 F:7 6AG4l7, 4;- 3n6 FD;-5An8lG7nF H7Gn 8Gn5F;AnE", J. 
CAnF7mB. P:KE;5E (ADm7n;3n A5. (5;.) 50, 211 (2015). 
78. A.". "3nGkK3n, ).A. IE:k:3nK3n, ".V. H3kA4K3n, 3n6 A.". IE:k:3nK3n, "A E7D;7E EAlGF;An 
A8 F:7 97n7D3l H7Gn 7CG3F;An ;n F7DmE A8 ;n5AmBl7F7 B7F3 8Gn5F;AnE", IJDEA 13(4), 231 (2014). 
 140 
79. ).A. IE:k:3nK3n 3n6 A.". IE:k:3nK3n, "EJB3nE;AnE A8 F:7 EAlGF;AnE FA F:7 5An8lG7nF H7Gn 
7CG3F;An ;n F7DmE A8 F:7  Gmm7D 5An8lG7nF :KB7D97Am7FD;5 8Gn5F;AnE", AIP A6H3n57E 4, 
087132 (2014). 
80. ).A. IE:k:3nK3n 3n6 A.". IE:k:3nK3n, "(AlGF;AnE A8 F:7 4;-5An8lG7nF H7Gn 7CG3F;An ;n F7DmE 
A8 F:7 H7Dm;F7 8Gn5F;AnE", Ann. P:KE. 383, 79 (2017). 
81. G. (397F, A.". IE:k:3nK3n, C. L7DAK, 3n6 ).A. IE:k:3nK3n, ")IA-EF3F7 mA67l A8 3 97n7D3l 
H7Gn 5l3EE I;F: B7D;A6;5 l7H7l-5DAEE;n9E", J. CAnF7mB. P:KE;5E (ADm7n;3n A5. (5;.) 52, 324 
(2017). 
82. ).A. IE:k:3nK3n 3n6 A.". IE:k:3nK3n, "G7n7D3l;L76 5An8lG7nF :KB7D97Am7FD;5 EAlGF;AnE A8 F:7 
H7Gn 5An8lG7nF 7CG3F;An", ABBl. "3F:. CAmBGF. 338, 624 (2018). 
83. ).A. IE:k:3nK3n, "A L3m47DF-, 7J35FlK EAlH34l7 l7H7l-5DAEE;n9 5An8lG7nF :KB7D-97Am7FD;5 
FIA-EF3F7 mA67l", J. CAnF7mB. P:KE;5E (ADm. A5. (5;.) 54, 17 (2019). 
84. ).A. IE:k:3nK3n 3n6 A.". IE:k:3nK3n, "):7 F:;D6 8;H7-B3D3m7FD;5 :KB7D97Am7FD;5 CG3nFGm-
m75:3n;53l BAF7nF;3l", A6H3n57E ;n H;9: En7D9K P:KE;5E 2018, 2769597 (2018). 
85. A.(. )3DlAK3n, ).A. IE:k:3nK3n, 3n6 A.". IE:k:3nK3n, "FAGD 8;H7-B3D3m7FD;5 3n6 8;H7 8AGD-
B3D3m7FD;5 ;n67B7n67nF 5An8lG7nF H7Gn BAF7nF;3lE 8AD F:7 EF3F;An3DK  l7;n-GAD6An 7CG3F;An", 
Ann. P:KE. (B7Dl;n) 528, 264 (2016). 
86. P. . J:3 3n6 .G.V. 'AEFAHFE7H, P:KE. '7H. A 82, 015801 (2010). 
87. P. . J:3 3n6 .G.V. 'AEFAHFE7H, P:KE. '7H. A 81, 033827 (2010). 
88. N. (H3DF:Alm, "3F:. Ann. 116, 413 (1939). 
89. A. ED6NlK;, DGk7 "3F:. J. 9, 48 (1942). 
90. A. ED6NlK;, Q. J. "3F:. (OJ8AD6) 15, 62 (1944). 
91. D. (5:m;6F, J. '7;n7 An97I. "3F:. 309, 127 (1979). 
92. E.G.  3ln;nE 3n6 ,. ";ll7D, (IA" J. "3F:. An3l. 22, 1450 (1991).  
93. '.(. (Ak:AK3n, D..G. "7l;k6L3n;3n 3n6 A.". IE:k:3nK3n, J. CAnF7mB. P:KE;5E (ADm7n;3n 
A5. (5;.), 40(6), 1 (2005). 
94. ).A. IE:k:3nK3n, ).A. (:3:H7D6K3n, 3n6 A.". IE:k:3nK3n, A6H3n57E ;n H;9: En7D9K P:KE;5E 
2018, 4263678 (2018). 
95. E.(. C:74-)7DD34, J. P:KE. A 37, 9923 (2004). 
96. A. IE:k:3nK3n, J. P:KE. A 38, L491 (2005). 
97. A.". IE:k:3nK3n 3n6  .-A. (GAm;n7n, J. P:KE. A 34, L591 (2001). 
98. A. IE:k:3nK3n,  .-A. (GAm;n7n, J. P:KE. A 36, L81 (2003). 
99. P.P. F;L;7H, J. P:KE. A 43, 035203 (2010). 
100. ". N. HAGnkAnnAG, A. 'AnH73GJ, ABBl. "3F:. CAmBGF. 209, 421 (2009). 
101. V.A. (:3:n3L3DK3n, ).A. IE:k:3nK3n, ).A. (:3:H7D6K3n, 3n6 A.". IE:k:3nK3n, ADm. J. P:KE. 
5, 146 (2012). 
102. J.H. L3m47DF, A5F3 H7lH;F;53 3, 128 (1758). 
103. L. EGl7D, A5F3 A536. (5;7nF. P7FDABAl. 2, 29 (1783). 
104. A.". IE:k:3nK3n, P:KE. '7H. A 61, 063611 (2000). 
105. A.". IE:k:3nK3n, L3E7D P:KE;5E 7, 1225 (1997). 
106. A.". IE:k:3nK3n, CAnEFDG5F;H7 ABBDAJ;m3F;An 49, (2019). DOI: 10.1007/E00365-018-9424-8. 
107. G. FlACG7F, Ann3l7E E5;7nF;8;CG7E 67 l'E5Al7 NADm3l7 (GB7D;7GD7 12, 47 (1883).  
108. F. BlA5:, /7;FE5:D;8F 8RD P:KE;k A 52, 555 (1929).  
109. (. "3nA, H. (GLGk; 3n6 E. )3k3EG9;, PDA9. ):7AD. P:KE. 95, 1079 (1996). 
110. ):.  GDF: 3n6 D. (5:m;6F, (IA" J. "3F:. An3l. 17, 1086 (1986). 
111. L.J. El-J3;5k 3n6 B.D.B. F;9G7;D76A, J. "3F:. P:KE. 49, 083508 (2008). 
112. E.,. L73H7D, J. "3F:. P:KE. 27, 1238 (1986). 
113. L.J. El-J3;5k 3n6 B.D.B. F;9G7;D76A, J. P:KE. A 46, 085203 (2013). 
114. B.D.B. F;9G7;D76A, J. "3F:. P:KE. 48, 013503 (2007). 
115. E.L. In57, PDA5. LAn6An "3F:. (A5. 23, 56 (1925). 
116. B.D.B. F;9G7;D76A, J. "3F:. P:KE. 46, 113503 (2005). 
 141 
117. A. L7m;7GJ 3n6 A. . BAE7, Ann. InEF. H7nD; PA;n53DN A 10, 259 (1969). 
118. D. B3F;5, '. ,;ll;3mE, 3n6 ". NAI3kAIEk;, J. P:KE. A 46, 245204 (2013). 
119. L.J. El-J3;5k, B.D.B. F;9G7;D76A, 3D-;H:1311.7677 0m3F:-B:1 (2013). 
120. A.". IE:k:3nK3n 3n6  .-A. (GAm;n7n, J. P:KE. A 34, 6301 (2001). 
121. N.V. V;F3nAH 3n6  .-A. (GAm;n7n, P:KE. '7H. A 59, 4580 (1999). 
122. D.A. G3D3n;n 3n6 '. (5:;ll;n9, P:KE. '7H. B 66, 174438 (2002). 
123. J. L7:FA 3n6  .-A. (GAm;n7n, P:KE. '7H. A 86, 033415 (2012). 
124. J. L7:FA, P:KE. '7H. A 88, 043404 (2013). 
125. ).A. (:3:H7D6K3n, D.(. "A9;l7HFE7H, A.". IE:k:3nK3n, 3n6 V.". '76UkAH, NAnl;n73D 
B:7nAm7n3 ;n 5AmBl7J EKEF7mE 16, 86 (2013). 
126. B.". G3DD3I3K 3n6 (. (F7n:Alm, P:KE. '7H. A 45, 364 (1992). 
127. ..  3K3nGm3,  P:KE. '7H. B 47, 9940 (1993). 
128. (.N. (:7H5:7nkA, (. AE::34, F. NAD;, P:KE;5E '7BADFE 492, 1 (2010). 
129. E.A. IH3n5:7nkA, P:KE;53 B 358, 308 (2005);  
130. E.A. IH3n5:7nkA 3n6 A.P. )AlEFAlGL:EkK, LAI )7mB. P:KE. 32, 77 (2006). 
131. (..G. (l3HK3nAH, D.A. (3F5A, A.". IE:k:3nK3n, ).A. 'AF;nK3n, ):7AD. "3F:. P:KE. 189, 1726 
(2016). 
132. A..3.  3L3kAH 3n6 (..G. (l3HK3nAH, ):7AD. "3F:. P:KE. 155, 722 (2008). 
133. (... (l3HK3nAH, CAnEFD. ABBDAJ. 39, 75 (2014). 
134. C. L7DAK, A.". IE:k:3nK3n. InF79D3l )D3nE8ADmE 3n6 (B75;3l FGn5F;AnE. 26, 451 (2015). 
135. '.N. C:3G6:GD; 3n6 (. "Gk:7Dj77, J. P:KE. A 17, 3327 (1984). 
136. B. LN3GFN 3n6 G. "3D5;l:35K, J. P:KE. A 19, 3527 (1986). 
137. A.". IE:k:3nK3n, EGD. P:KE. L7FF. 112, 10006 (2015).  
138. A.". IE:k:3nK3n, P:KE. L7FF. A 380, 3786 (2016). 
139. J.  3DIAIEk; 3n6 H.A. ,;F7k, ):7AD. C:7m. A55AGnFE 133, 1494 (2014). 
140. F. C3DGEA, J. "3DF;nE, V. O9GD;, Ann3lE A8 P:KE;5E 347, 130 (2014). 
141. A. D753DD73G, ". DGmAnF-L7B397, P. "3DAn;, A. 'A47DF, 3n6 A. 'AnH73GJ, Ann. (A5. (5;. 
BDGJ7ll7E 92, 53 (1978). 
142. P. "3DAn;, Ann. InEF. H7nD; PA;n53DN A 30, 315 (1979). 
143. A. H3GFAF, BGll. (A5. 'AK. (5;. L;O97 40, 13 (1971). 
144. H. EJFAn, Ann. (A5. (5;. BDGJ7ll7E102, 87 (1989). 
145. A. H3GFAF, BGll. (A5. 'AK. (5;. L;O97 38, 660 (1969). 
146. F. B3FAl3, AD5:. '3F;An. "75:. An3. 78, 275 (1982). 
147. D.P. D3FF3 3n6 (. "Gk:7Dj77, J. P:KE. A 13, 3161 (1980). 
148. '.N. C:3G6:GD;, J. P:KE. A 16, 209 (1983). 
149. (..G. (l3HK3nAH, J. P:KE. A 29, 7329 (1996). 
150. ".N. HAGnkAnnAG, A. 'AnH73GJ, 3n6  . (A6A93, ABBl. "3F:. CAmBGF.189, 816 (2007). 
151. A. 'AE73G, BGll. B7l9. "3F:. (A5. 9, 321 (2002). 
152. (. B7lm7:6; 3n6 J.-P. C:7:34, A4EFD35F 3n6 ABBl. An3l. 2004, 295 (2004). 
153. A..3.  3L3kAH, (..G. (l3HK3nAH, "7F:A6E 3n6 ABBl;53F;AnE A8 An3lKE;E 3, 447 (1996). 
154. A.". IE:k:3nK3n, P:KE. L7FF. A 380, 640 (2016). 
155. A.". IE:k:3nK3n, EGD. P:KE. L7FF. 115, 20002 (2016).  
156. A. IE:k:3nK3n 3n6 V.  D3;nAH, EGD. P:KE. J. PlGE 131, 342 (2016). 
157. E. (5:DQ6;n97D, Ann3l7n 67D P:KE;k 76, 489 (1926). 
158. F.H. (F;ll;n97D, J. "3F:. P:KE. 20, 1891 (1979). 
159. H. EJFAn, J. P:KE. A 28, 6739 (1995). 
160. A. LPB7L-ODF793, P:KE. (5D. 90, 085202 (2015). 
161. E. (5:DQ6;n97D, Ann3l7n 67D P:KE;k 79, 361 (1926). 
162. A.  D3FL7D, /. P:KE. 3, 289 (1920). 
163. P.". "ADE7, P:KE. '7H. 34, 57 (1929). 
164. A.". IE:k:3nK3n, "A6. P:KE. L7FF. A 31, 1650177 (2016). 
 142 
165. C. E5k3DF, P:KE. '7H. 35, 1303 (1930). 
166. G. PQE5:l, E. )7ll7D, /. P:KE. 83, 143 (1933). 
167. ).A. IE:k:3nK3n, V.A. "3nGkK3n, A.H. H3DGFKGnK3n, 3n6 A.". IE:k:3nK3n, AIP A6H3n57E 8, 
035309 (2018). 
168. G.P. Fl7EE3E 3n6 A. ,3FF, J. P:KE. A 14, L315 (1981). 
169. J.N. G;nA55:;A, Ann. P:KE. 152, 203 (1984). 
170. F. CAAB7D, J.N. G;nA55:;A, 3n6 A.  :3D7, P:KE. '7H. D 36, 2458 (1987). 
171. A. 67 (AGL3 DGFD3, P:KE. '7H. A 47, '2435 (1993). 
172. '. DGFF, A.  :3D7, 3n6 ..P. V3DE:n;, J. P:KE. A 28, L107 (1995). 
173. C. GDAE5:7, J. P:KE. A 28, 5889 (1995). 
174. G. JGnk7D 3n6 P. 'AK, P:KE. L7FF. 232, 155 (1997). 
175. B.,. ,;ll;3mE, P:KE. L7FF. A 334, 117 (2005). 
176. A. LPB7L-ODF793, 3D-;H:1602.00405 0m3F:-B:1 (2016). 
177. ).A. IE:k:3nK3n, A.". "3nGkK3n, 3n6 A.". IE:k:3nK3n, J. P:KE.: CAn8. (7D. 965, 012019 
(2018). 
178. ).A. IE:k:3nK3n 3n6 A.". IE:k:3nK3n, P:KE;5E A8 AFAm;5 NG5l7; 81, 835 (2018). 
179. ).A. IE:k:3nK3n, V.P.  D3;nAH 3n6 A.". IE:k:3nK3n, /7;FE5:D;8F 8RD N3FGD8ADE5:Gn9 A 73, 407 
(2018). 
180. A.". IE:k:3nK3n, ):7AD. "3F:. P:KE. 188, 980 (2016). 
181. A.". IE:k:3nK3n, Ann. P:KE. 388, 456 (2018). 
182. ".F. "3nn;n9, P:KE. '7H. 48, 161 (1935). 
183. '.(. "3;7D, J. D;88. ECG3F;AnE 213, 171 (2005). 
184. '. V;6Gn3E, G. F;l;BGk, FGnk5;3l3j EkH35;Aj 56, 271 (2013). 
185. '. V;6Gn3E, G. F;l;BGk, OE3k3 J. "3F:. 51, 867 (2014). 
186. ". H3n HA7;j 3n6 '. V;6Gn3E, J. Al974D3. 441, 609 (2015). 
187. J. L7F7EE;7D, G. V3l7nF, 3n6 J. ,;mB, InF7Dn3F. (7D. NGm7D. "3F:. 119, 371 (1994). 
188. '.(. "3;7D, CAnF7mBAD3DK "3F:7m3F;5E 471, 139 (2008). 
189. V. B3D9m3nn, PDA5. N3F. A536. (5;. U(A 38, 961 (1952). 
190. J. (5:I;n97D, PDA5. N3F. A536. (5;. U(A 47, 122 (1961). 
191. F. C3lA97DA, CAmmGn. "3F:. P:KE. 1, 80 (1965). 
192.  . C:363n, NGAHA C;m7nFA A58, 191 (1968). 
193. F. BD3G, S,-dies in Ma,hema,ical Physics Research, C:3BF7D 1, BB.1-54 (NAH3 (5;7n57 
PG4l;E:7DE, N7I-.ADk, 2004). 
194. ". /nAj;l, P:KE. '7H. A 61, 066101 (2000). 
195. L. EGl7D, OB7D3 Omn;3 (1) 11, 110 (1768). 
196. A. JAnCG;OD7, BGll7F;n 67 l3 (A5;NFN "3F:Nm3F;CG7 67 FD3n57 17, 142 (1889). 
197. F. CAAB7D, A.  :3D7, 3n6 U. (Gk:3Fm7, P:KE. '7BF. 251, 267 (1995). 
198. B. B395:;, S-persymme,ry in Q-an,-m and Classical Mechanics (C:3Bm3n 3n6 H3ll, BA53 
'3FAn, 2001). 
199. '. (3E3k; 3n6 ". /nAj;l, J. P:KE. A 49, 445303 (2016). 
200. ". /nAj;l, "A6. P:KE. L7FF. A 31, 1650195 (2016). 
201. ". /nAj;l, "A6. P:KE. L7FF. A 31, 1650088 (2016). 
202. A.G. UE:H7D;6L7, Q-asi-exac,ly sol.able models in q-an,-m mechanics (IOP PG4l;E:;n9, 
BD;EFAl, 1994). 
203. C.". B7n67D 3n6 ". "AnAG, J. P:KE. A 38, 2179 (2005). 
204. A.V. )GD4;n7D, P:KE;5E '7BADFE 642, 1 (2016). 
205. (. . BAE7, NGAHA C;m7nFA 109 B, 1217 (1994). 
206. -. (An9, J. P:KE. G: NG5l. P3DF P:KE. 17, 49 (1991). 
207. G. (L79Q, Or,ho onal Polynomials, 4F: 76. (Am7D. "3F:. (A5., PDAH;67n57, 1975). 
208. ,. GD7;n7D, Rela,i.is,ic Q-an,-m Mechanics. Wa.e eq-a,ions ((BD;n97D, B7Dl;n, 2000). 
209. H.  D39:, Am. J. P:KE. 52, 1024 (1984). 
 143 
210. ). O:lEEAn, Rela,i.is,ic Q-an,-m Physics - From Ad.anced Q-an,-m Mechanics ,o 
In,rod-c,ory Q-an,-m Field Theory (C3m4D;697 Un;H7DE;FK PD7EE, C3m4D;697 2011). 
211. P. GD3H7l, C. G3GF:;7D, Am. J. P:KE. 79, 447 (2011). 
212. D.J. 'AI3n 3n6 G. (F7B:7nEAn, J. P:KE. A 10, 15 (1977). 
213. F. DAm;n9G7L-A63m7, P:KE. L7FF. A 136, 175 (1989). 
214. ".C. /:3n9, C:;n. P:KE. B 17, 3214 (2007). 
215. ,.C. Q;3n9, '.(. /:AG, 3n6 .. G3A, P:KE. L7FF. A 371, 201 (2007). 
216. C. 'Aj3E 3n6 V.". V;ll3l43, P:KE. '7H. A 71, 052101 (2005). 
217. N.A. '3A, B.A.  393l;, P:KE. L7FF. A 296, 192 (2002). 
218. ".C. /:3n9 3n6 /.B. ,3n9, C:;n. P:KE. L7FF. 22, 2994 (2005). 
219. C... C:7n, D.(. (Gn 3n6 F.L. LG, P:KE. (5D. 74, 405 (2006). 
220. ".'. (7F3D7 3n6 O. H3F3m;, CAmmGn. ):7AD. P:KE. 51, 1000 (2009). 
221. L. . (:3Dm3, P.V. LG:3n93 3n6 (. C:;m;6L3, C:;3n9 "3; J. (5;. 38, 514 (2011). 
222. D.V. G3l'FEAH 3n6 A.A. EDE:AH, (AH. P:KE. 32, 764 (1989). 
223. (.Q. ,G 3n6 -. C3;, J. "3F:. P:KE. 44, 1084 (2003). 
224. V.B. B7L7DD3, H.(. V;7;D3 3n6 A.A. CAEF3, Cl3EE. QG3nFGm GD3H. 31, 045003 (2014). 
225. H.(. V;7;D3, V.B. B7L7DD3, C.'. "Gn;L, Ann. P:KE. 350, 14 (2014). 
226. A. (5:GlL7-H3l47D9, J. ,3n9, F7I-BA6K (KEF. 55, 1223 (2014). 
227.  . B3kk7, C. FGDF36A, Ann. P:KE. 355, 48 (2015). 
228. L. HGlF:Nn, ADk. "3F. AEFDAn. FKE. 28A, 5 (1942). 
229. L. HGlF:Nn, ADk. "3F. AEFDAn. FKE. 29B, 1 (1942). 
230. '.D. ,AA6E 3n6 D.(. (3JAn, P:KE. '7H. 95, 577 (1954). 
231. P.P. F;L;7H, D.V. (:;DkAH, ):7AD. "3F:. P:KE. 167, 680 (2011). 
 
QUANTUM TWO-STATE LEVEL-CROSSING MODELS 
IN TERMS OF THE HEUN FUNCTIONS 
Abstract 
 Th  .h -i- i- d v). d .) .h  fu(da' (.al p,)bl ' )f  2ci.a.i)( a(d 'a(ipula.i)( )f qua(.u' 
-3-. '-, havi(g di-c, .   ( ,g3 -p c.,u', via  2. ,(al la- , fi ld-. W   2a'i(  .h  - 'icla--ical .i' -
d p (d (. qua(.u' .1)--.a.  p,)bl ', 1h ( .h   2. ,(al  l c.,)'ag( .ic fi ld i- , -)(a(. ), qua-i-, -)(a(. 
f), -)'  .1) )f 'a(3 l v l- )f .h  -3-. '. Th  f)cu- )f .h  .h -i- i- )( .h  a(al3.ic d -c,ip.i)( )f .h  ()(-
adiaba.ic  v)lu.i)( )f qua(.u' -3-. '- -ubj c. .)  2ci.a.i)( b3 l v l-c,)--i(g fi ld-c)(figu,a.i)(-. I( .h  
p, - (. .h -i- 1  cla--if3 .h  c)'pl .  - . )f .h  - 'icla--ical .i' -d p (d (. qua(.u' .1)--.a.  ')d l- 
-)lvabl  i( . ,'- )f .h  fiv  fu(c.i)( )f .h  H u( cla--.  
Mai( , -ul.- )f .h  .h -i- a, : 
1. I( .).al 61 i(fi(i.  cla-- - )f .1)--.a.  ')d l- (i. .  2. ,(al la- , fi ld c)(figu,a.i)(-) -)lvabl  i( . ,'- 
)f g ( ,al a(d c)(flu (. H u( fu(c.i)(- a,  d ,iv d. 
2. I( .h -  i(fi(i.  cla-- - .h,   ),igi(al l v l-c,)--i(g -ub')d l- a,  id (.ifi d: )(  d -c,ib - i(fi(i.  
(p ,i)dical) c,)--i(g- )f , -)(a(c , )(  d -c,ib - a-3'' .,ic , -)(a(c  c,)--i(g 1i.h a fi(i.  .i'  )f 
p,)c -- a(d .h  la-. )(  d -c,ib - i(fi(i.  a-3'' .,ic , -)(a(c  c,)--i(g p,)c --. Th  b havi), )f .h  
.1)--.a.  qua(.u' -3-. ' u(d , .h -  fi ld c)(figu,a.i)(- i- c)'p, h (-iv l3 a(al34 d. 
3. S)lu.i)(- )f .h  H u(  qua.i)(- i( . ,'- )f i(c)'pl .  B .a fu(c.i)(-, Ku'' , c)(flu (. 
h3p ,g )' .,ic fu(c.i)(- a(d ()(-i(. g ,-),d , H ,'i.  fu(c.i)(- )f a -hif. d a(d -cal d a,gu' (. a,  
c)(-.,uc. d. 
4. A(al3.ic -)lu.i)(- )f .h  qua(.u' .1)--.a.  p,)bl ' a,  p,)j c. d )( .h  , la.ivi-.ic a(d ()(-, la.ivi-.ic 
1av - qua.i)(-: ( 1 p). (.ial- f), .h  Sch,ödi(g , a(d Kl i(-G),d)(  qua.i)(- a,  d ,iv d a(d -)lv d. 
Keywords: laser excitation; quantum two-state problem; level-crossings; Heun functions. 
MODÈLES QUANTIQUES - DEUX ÉTATS AVEC CROISEMENTS DE NIVEAUX 
DÉCRITS PAR LES FONCTIONS DE HEUN 
Résumé 
 La .hè-   -. c)(-ac,6  au p,)blè'  f)(da' (.al d  l' 2ci.a.i)(  . d  la 'a(ipula.i)( d  -3-.è' - 
qua(.iqu - à -p c.,  d'6( ,gi  di-c, ., via d - cha'p- la- ,-  2. ,( -. N)u-  2a'i()(- l  p,)blè'  - 'i-
cla--iqu  à d u2 6.a.- qua(.iqu -, d6p (da(. du . 'p-, l),-qu  l  cha'p 6l c.,)'ag(6.iqu   2. ,(   -. 
,6-)(a(. )u qua-i ,6-)(a(. p)u, d u2 d - ()'b, u2 (iv au2 du -3-.è' . La .hè-   -. c (.,6  -u, la 
d -c,ip.i)( a(al3.iqu  d  l'6v)lu.i)( ()( adiaba.iqu  d - -3-.è' - qua(.iqu - -)u'i- à u(   2ci.a.i)( pa, 
d - c)(figu,a.i)(- d  cha'p- av c c,)i- ' (.- d  (iv au2. Da(- la p,6- (.  .hè- , ()u- cla--ifi)(- 
l’ (- 'bl  c)'pl . d - ')dèl - qua(.iqu - à d u2 6.a.- - 'i-cla--iqu - d6p (da(.- du . 'p-, qui p uv (. 
ê.,  ,6-)lu-  ( ci(q f)(c.i)(- d  la cla--  d  H u(. 
L - p,i(cipau2 ,6-ul.a.- d  la .hè-  -)(. : 
1. Au .).al, 61 cla-- - i(fi(i - d  ')dèl - à d u2 6.a.- (i. . l - c)(figu,a.i)(- d  cha'p la- ,  2. ,( ) 
-)lubl -  ( . ,' - d  f)(c.i)(- d  H u( g6(6,al   . c)(flu (. - -)(. d6,iv6 -. 
2. Da(- c - cla-- - i(fi(i -, .,)i- -)u--')dèl - ),igi(au2 av c c,)i- ' (.- d  (iv au2 -)(. id (.ifi6-: l'u( 
d6c,i. l - c,)i- ' (.- i(fi(i- d  ,6-)(a(c  (p6,i)diqu -), l'au.,  d6c,i. l - c,)i- ' (.- d  ,6-)(a(c  
a-3'6.,iqu  av c u( . 'p- d  p,)c --u- fi(i  . l  d ,(i , d6c,i. l - p,)c --u- d  c,)i- ' (.- i(fi(i- d  
,6-)(a(c  a-3'6.,iqu . L  c)'p),. ' (. du -3-.è'  qua(.iqu  à d u2 6.a.- da(- c - c)(figu,a.i)(- d  
cha'p  -. a(al3-6 d  'a(iè,   2hau-.iv . 
3. L - -)lu.i)(- d - 6qua.i)(- d  H u(  ( . ,' - d  f)(c.i)(- bê.a i(c)'plè. -, d  f)(c.i)(- 
h3p ,g6)'6.,iqu - c)(flu (. - d  Ku'' ,  . d  f)(c.i)(- H ,'i.  d'),d,  ()(  (.i , -)(. c)(-.,ui. -. 
4. D - -)lu.i)(- a(al3.iqu - du p,)blè'  qua(.iqu  à d u2 6.a.- -)(. p,)j .6 - -u, l - 6qua.i)(- d')(d  
, la.ivi-. -  . ()( , la.ivi-. - : d  ()uv au2 p). (.i l- p)u, l - 6qua.i)(- d  Sch,ödi(g ,  . d  Kl i(-
G),d)( -)(. d6,iv6-  . ,6-)lu-. 
Mots cle s : excitation laser; système quantique à deux états; croisements de niveaux; fonctions de Heun.
